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Abstract. Quantum deformations of the simplest Lie parasuperalgebra Psqm (2) are
constructed by taking advantage of the well known representations of su (2, C). As a
particular result, we show that the fundamental Witten superalgebra sqm(2) cannot be
deformed.

1. Introduction

The simplest ‘quantum group’ su (2, €), i.e. the g-deformation of the Lie algebra
corresponding to SU(2. C), has been extensively studied as an important example in
connection with different fieids in theoretical and mathematical physics [1-4]. More
specifically, Macfarlane [3] has exploited the Sklyanin quantum algebras [5] in order
to generalize the quantum theory of anguiar momentum and, correlatively, in order to
develop a g-deformation of the quantum harmonic oscillator formalism.

The general method which has to be applied to any semisimple Lie algebra or
superalgebra for constructing its quantum deformation is already known [2]. It does
not work in the non-semisimple contexts although some results have been obtained
through contraction procedures like those discussed for study Poincaré deformations

6].

“ Physically interesting Lie parasuperalgebras [7] appear as such non-semisimple
structures when their guadratic character is enhanced by searching their connection
with Sklyanin’s developments [5]. In fact, this happens in parasupersymmetric
quantum mechanics (PSSQM) [8~10] subtended by the simplest Lie parasuperalgebra
Psqm(2) [7].

We propose hereafter to discuss the possible g-deformations of Psqm(2} in
connection with arbitrary orders p of paraquantization [11,12] by exploiting the
original su,(2, C)-representations [4]. With new p-dependent general expressions of
the parasupercharges, we are led to deformed relations characterizing these quantum
deformations. In Section 2, we relate Lie parasuperalgebras and Sklyanin quadratic
algebras and we notice that the simplest Lie parasuperalgebra Psqgm{2) is nothing else
but a direct sum of su(2, C) with an abelian (one-dimensional} algebra due to the
conserved character of the parasupercharges. In Section 3, we construct the two new
parasupercharges and study the possible deformed structure relations which can be
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obtained for arbitrary orders p of paraquantization by dealing with the matrix
realization of the deformed representations of su,(2, C). Section 4 is devoted to some
comments related to the lowest orders p=1, 2, 3 and to recent results on {p + 1)-level
systems studied by Semenov and Chumakov [15].

2. Parasuperalgebras, quadratic algebras and the specific context of Psgm{2)

Let us start by dealing with parasupersymmetric developments [8, 9] superposing
bosons and p:==2-parafermions where p is the order of paraquantization. More
precisely, let us consider the context of exact parasupersymmetry [9, 10] as a direct
generalization of the Witten supersymmetric quantum mechanics [13] when two odd
supercharges are involved (as it is necessary for oscillatorlike interactions in particu-
lar). The corresponding Lie parasuperalgebras [7] are generated by even operators
denoted here by X,(k=1,...,n) and odd operators denoted here by
Y (a=1,...,m), so that the corresponding structure relations are summarized by

(X, Xi] = X, (X}, Yo]=dlY, (2.1)

(Ya [¥p, Y11= €lgfX,, Y}~ ehyfX,, Y (2.2)

The Lie bracket of these parasuperalgebras appears as a double commutator leading
to trilinear products only well defined in enveloping algebras or in ternary algebras,

Let us point out here that these structures reduce to quadratic algebras [5] by

defining the commutators of two odd operators as new even generators denoted
hereafter by Z:

[Ys, Y] =2, (2.3)
It is then easy to convince ourselves that Lie parasuperalgebras take quadratic forms.

In fact, by using the corresponding Jacobi identity, we get the following commutation
relations besides eqs. (2.1) and (2.3) for the above structures:

[Ye, Zg,]= eLﬁ{Xi’ Y,}— e d X, Vg (2.2

(X Zgy| = a5 25— dpZ,, (2.4)
(Zogs Zys] = (s — e5sd e Yo, Yo} + €5 X,, Zya} + (€hody— e4ud 5){Y3, ¥}

— ehod X}y Zogh + e 41X, Zsgl— e Xomy Zso)- (2.5)

These relations taken together with egs. (2.1) and (2.3) appear in general as
commutation relations of a quadratic algebra.

Let us now take the case of the simplest Lie parasuperalgebra called Psqm(2) [7].
It corresponds to a generalization of the Witten superalgebra sqm(2) [13]. This
parasuperalgebra is generated by the even (parasuper} Hamiltonian Hpg and the two
odd (parasuper)charges Q and Q. We have

[HPSS: Q]=0 [HP.S.S':Q*]‘_‘O

(2.6)
[C.[Q7, Q1] =20 H pss [Qf, (Q, Q"1I=2Q Hpgs.
By defining two even operators and two odd ones respectively by
Xy =Hpgs Zy=[Q". Ql=2/; Yi=@g=/J. =Q'=J, 2.7)
we immediately get the algebra
[X1,7:]=0 [X1,/5}=0 (2.8a)

[f+,J,]=2fs [j3,Ji]=iJiX;. (2.8b)
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In fact, this is not a quadratic algebra (as expected) but the relations (2.8) refer to the
direct sum su(2, C)B.X,, nevertheless characterized by the non-commutative co-
product:

AU =1, 80X, +IRJ, A =J_®I+X,®1J.
A(j3)=Jg®X1+X[®J3 A(X1)=X1®X1.

Such a property does not imply that the above structure is a quantum algebra: we have
recently learned [14] that it is possible to get deformed coproducts without deforming
the algebra itself.

In conclusion, the simplest parasuperalgebra Psqm(2) camnot be deformed
through already known methods. We propose to exploit its connection with su(2, C)
(through the above direct sum structure) in order to discuss its possible deformations
for arbitrary orders of paraquantization.

(2.9)

3. Deformed Psqm,(2) from representations of su.(2, C)

Due to the main role played by the parafermionic ‘variables’ in the construction of
N=2-PSSQM, we propose now to study the possible deformations of our fundamen-
tal parasuperalgebra Psqm(2). We want to exploit the explicit representations of
su,(2, C) inside the construction of the two (new) parasupercharges needed in the
structure relations (2.6). In fact, after Macfarlane [3] and Biedenharn [4], let us recall
that, within a basis of g-quantum angular momentum states |, m),, we have for each
(j = p/2)-fixed value

Toljs myg= ([ F m]lj £ m+1)"j, mE 1), (3.1a)
‘I3|j7 m>q=m|j7 m)q (Slb)

where we choose [3]

R a-n
=1L
q—g
By referring to the corresponding matrix realizations of the irreducible represen-
tations D%, we can evidently point out the (p + 1)-dimensional diagonal matrix
{J;)=m1 and the two non-diagonal ones associated with the scaling operators J., i.e.
respectively

(3.2)

I ([{lp—j+1D)"e, 11 (3.3a)

=1

and

J_= > (e =i+ 1) e (3.3b)

=1

As usual our notations e, ; correspond to (p+ 1)-dimensional matrices containing
zeros everywhere except units at the intersection of the jth row and the kth column.
Let us notice that the (p=1)-value (corresponding to the current fermionic context)
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leads through eqs. (3.3) to the meaningful Pauli matrices ¢, and ¢_ which are the
fermionic ‘variables’ introduced in the Witten supercharges [13].

By taking care of these observations, we now propose general forms of the
parasupercharges as follows

14

Q=2 GLillp =i+ 1™ p:+iW, ey, (3.4)

=1

P

Q=" Glillp—i+ 1IN (P~ iW,(x))e, 1

i=!

where evidently p, = —i (d/dx) and the W (x)’s are the implied (parasuper) potentials.
Such parasupercharges include in their explicit forms the effect of the g-deformations
issued from the su(2, C) developments. Due to their structures, they evidently satisfy
{expected) nilpotent relations such that

07*1=0,(Q")"*'=0 (3.5)

and we can ask for deformed relations corresponding to egs. (2.6) as well as for
possible associated Hamiltonians where the latter have to be on the diagonal form
with elements

Hfj=14p*+fi(x).
Due to the structure relations (2.6) with respect to double commutators, let us

search for information on the real functions a(g), 8{g), y(¢) and (q) as well as on the
hermitian deformed Hamiltonians H, inside the relations

a(q)00'Q - B(9)Q*Q" - v(@)Q'Q*=4d(q)QH? (3.6a)
and
a(g)Q*00" - B(g)Q0" — ()00 = 8(q)Q'H@ (3.6b)

when the parasupercharges (3.4) are evidently introduced in these developments.
Such structure relations immediately imply (as in the nondeformed context) typical
constraints on the parasuperpotentials: these appear as (p— [)-Riccati equations
given by

Wi+ Wi,=W-Witg j=1,2,...,p-1 (3.7

where primes refer to space derivatives as usual and the ¢’s are arbitrary constants.
Moreover we get (2p —2)-constraints on the three functions a(q}, 8(g) and y{(g) which
take the forms

a(g)[p—2j+2]+B(@)2i—p—4]+y(@5 - p)=0 i=2,3,...,p (3.8a)
and
a(@lllp —j+ -1 =Bl ~2lp ~j+ 3G
+v(gN[2f~ ple-1 = [i+1]lp—flc)=0 j=2,3,...,p.  (3.8b)
Such results are easily obtained by using in particular the following identity:
[r=m+1]=[m]r] =~ [m—1][n+1]. (3.9)
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The discussion of the systems (3.8) is intimately related to the cancellation or not
of the bracket [j] for specific values of j (such that j=2, 3) or for arbitrary values of
j=2,...,p+1. Let us point out, in particular, the specific interest of eq. (3.9) in
these results. For example, if [2] =0, it implies [2/]=0for /=2, 3, . ., so that we have
only to consider odd p’s in the first class hereafter. In fact, we distinguish four classes
of results, i.e.

(i) [2]=0,p0dd, a=—(8+y)

C1==€2, 037 ~C4, . .+ 3 Cp 2= —Cpy; (310)
(i) [2]#0, [3]=0, a=—8=—y, ¢; arbitrary if p=<3

or ¢,+ ¢ +¢.2=0if p>3 (except if p=3n+j-1, neN); (3.11)
(iii) [2]+0, [3]#0. [j]1=0,j=4,...,p+1, when p=3

a={(g’+q7")B B=vy (3.12)
the ¢;’s being constrained but at least one of them being non-zero;
(iv) [j]#0 j=2,...,p+1

a=(q’+q %) B=vy,e,="--=¢,.,=0. (3.13)
We mention that the case p =2 is a particular one. Indeed such a context leads to the
classes (ii) and (iv) where, in the last case, a is left arbitrary. For a uniform treatment,
we constrain it following eq. (3.13).

Let us now draw the conclusions on the possible g-deformed Psqm(2) which can be

obtained from the above discussion in correspondence with these four classes. Besides

the structure relations, we also give the explicit forms of the corresponding
Hamiltonians which are characterized by the following (diagonal) elements:

alillp—j+1]

Hif) =3 (P Wi+ W)
LU v —w
—%LH—IJZIE—_L](;;5+W}+W}+¢,-),;'=1,...,p (3.14a)

and
H}’qll.p+l=%[_§1 (Pf"‘ W;?_ W;:) “2[2][%}‘} (PE"‘ Wﬁ“‘ W;—cp_,). (3.14b)

By using the definitions (3.4), the deformed relations (3.6), the constraints (3.7) and



4316 J Beckers and N Debergh

the matrix elements (3.14), we get in correspondence with the four above classes that
(i) ©*=0,[%, Q]=0, 0Q'Q=[plO%
Ho,=4(pi+ Wi+ W)
¥ =PI+ Wi-W)=3(pi+ Wi+ W;—c)
ool (3.15)
(ii") ifp=1,3,4 Q?=0, [¥,0]=0, 00'Q=0%
9., =3(pi+ Wi+ Wi+ [2][p-1]e)
- (3.16a}
if p#1,3, 4
QF*1=0, [, Q]=0, 0’0"+ Q0'0*+00'0= Q%
[2]ip —1)e: )
[p1+[2llp—1]
ol (3.16b)
(iii") if j=4; Q7*'=0, [%, Q] =0, {Q°, Q"}=—[2][p—-1]Q%
H =3P+ Wi+ Wi+e)
s (3.17a)
if j#4: Q**'=0, [%. 0]=0

#y.=

1
5(pi+W%+W;+

(0,10 OLl,=(p+2l- [pDQ%  with (4, B]qEqAB-é BA
)1 2lp=1le
W03l +2- 1]
s (3.17b)
(ivJ) Qp-H = 0: [HPSS’ Q] =0
(@, (2", Q]q]q =([p+2] - [p])CQHpss. (3.18)

By noticing that hermitian conjugate structure relations have to be included and that
two successive diagonal matrix elements of the Hamiltonian(s) have to be super-
partners related through the constraints (3.7), we have limited the above results to a
minimal listing.

%1.1=‘%(P§+ Wl}"’

4. Some comments and conclusions

Let us illustrate the contents of the above results (3.15)-(3.18) by considering the first
orders p=1, 2, 3 of paraquantization in connection with recent studies.
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If p=1.the classes (i"), (ii") and (iv") are concerned with and tiley lead to the same
structure characterized by

Q*=0 [Hss, Q] =0 QQ'Q=QHs=0{Q", 0} (4.1)

where evidently (through the superposition of bosons and fermions) we are dealing
with supersymmetric considerations and a supersymmetric Hamiltonian Hgg [13).
From (3.18), we learn that the deformation of sqm(2) is not feasible for any value of ¢
in complete agreement with a recent result [16] showing that the Spiridonov approach
of such a problem [17] is nothing else than a standard Witten supersymmetric model
but with a g-dependence inside the superpotentials.

If p=2, only the classes (ii') and (iv') are implied in correspondence with [3]=0
and [3]#0 respectively. We immediately get from (3.16b) that

0°’=0 [H,Q]=0 00'Q+QQ'+Q'Q*=2[2)0H (4.2)

where
H=diag(H, ,, H, 5, H3 3) (4.3a)
H  =3(p;+ Wi+ Wi+1c) (4.3b)
Hy,=Hpi+ Wi-Wi—tc))=3(pi+ Wi+ Wi~1c) (4.3c)
Hy3=3(pi+ Wi-Wi—1c). (4.3d)

This parasupersymmetric Hamiitonian coincides with the original one constructed by
Rubakov and Spiridonov [8] and the above structure is a g-deformation of their
parasuperalgebra. Let us point out that H, ; with H, , and H, , with H; , appear as
(expected) respective superpartners on the basis of the constraints (3,7). When
[3]#0, we immediately get, from (3.18), that

fg.{Q ' Q]q]q ={([41- 2DQHpss

ie.

[Q, [Qf, Q]] =[2]QH pgs- (4.4)

This context is exactly the one discussed elsewhere [9, 10] characterized by the
cancellation of the arbitrary constant ¢;, leading in particular to the direct exploitation
of Riccati equations in [18].

The above two cases corresponding respectively to [3] =0 and [3]# 0 just fall into
the Semenov-Chumakov discussion [15] of the so-called N (=p + 1)-level systems.
When [3]=0. the Rubakov-Spiridonov model [8] corresponds to the interaction
between a bosonic mode and a 3-level system (of the Z-type)} while, when [3]#0, we
recover our model of the A- or \/-type with W= ~-W,=x, ¢,=0, for the harmonic
oscillatorlike context [9, 10].

If p=3, the four classes have to give g-deformations of Psqm{2). These results
lead to examples of 4-level systems of a-type (when [4] =0, ¢;=c;=2), b-type (when
¢ =¢,=0) and e-type (when [3] =0, ¢, =2, ¢,=0) following the Semenov~Chumakov
notations.
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